
Log rules

aklogo = bklaga
loga =blog a
alogab = b

Recurrence banks

T(n) =

T= T(in) +...
(-(r)....)=n

=n

pd= log.n
depth: d= log.log.n

T(n) = c T(d) +...
depth: logan
leaves: nogde

Ei conaris
È+ €O(logn)1=0

Wacky Tree

wen) = W(2) + W(5) +1
Leaf Gruess LCh) =n
LCn) = L(7) + L(3)

n° = (5) + (5)°
Solve = В X 0. 788 .
0 (no.188) a, c>0

E0 (nlogn) (nª) (6))

compared, is j

(zI, onder to pick ij

Sequences
‹i: O<i <n | i%2 =0>
map /tab filter

PI one path > kIgn Is n
Prob
Random var X: 2 → R

reduce f bS usually WIn) = 2W67) + Wp(n)

scan fbS usually WCh) = W(E) + Weartract (n) + Wexpand (n)

scan append <<m,, sm,,..., Im
Expected var ELX] = weighted sum
Indep X, Y indes #PIX=aY-bI = PLX=aIPTY=b]Linearity EIX +Y] = EEX] + ELY]
Product expectation ELX Y] = ELX] • ELY]Union bonna P(AUB) <P(A) +P(B)
Conditional P(AIB) = PLAnB)

contract
W 2m. # €O(mn)

Markou inequality
Prob bound

РСВ)
Xz0 → PIXZa] SEIX]

High Prob Bond W(n) € O (f(n)) who. If I constants c, no
st. Unano, V, PIWCh) sckf(n)] = 1- (4)

Event A has high prob scaled with n if PI-A]s ne
Proving No: = input size at round rEIN]

Decay natio EIN.] &P
3. ELN.] =p'No =pn
4. Set r= (kri) log;n, show ELNr] ≤

Partition cost E[TOn)]= ELT(n) | good IPIgood I +...

Nested parallel work-spon model
greedy scheduling bound

Wen) = 5w63) + O(n3)55W(7) + c. n$
Leaf... O(nog85)

mim time bound

max (F, s) = To s

want i dominate

I +S 42 max (F, 5)
→S<"

Claim Wen) 5 K, nog85 + K2
WCI) 5 Co ≤ K, + Kz

IH Visn'en Wen')s k, noges + K2
IS WCh) 5 5W(E) +C.n

55(1, (3) 10985+k2)+c.ns
= Kinloges + 5k2 +c.n=
=kinloget + K2 + 4k2 +c.n

Clain' Wen) 5k, noges + Ke + K3n5
IH' Visn'en Wen')s kin'loges + Ke + Kan'$
IS' WEn) < 5W(4) +C.n3

- sequential baseline
Tp - on processors

self-spedup = 7. ≤ P
Overhead = 7*

TP>‡

perfect speedup if they equal

= kinloges + Ke + kant + 4k2 +c.n + #kn

Define K2 = C. K3=-20
mcss A=let

(b, v) = scam opt 0 f

now make this sO
K, = 20

Eflicient reduction:= transformation takesно толе
п me cost than soling
Treaps
PLAjI = Ti-jI+

(i ancestor ot
«need choose i first

<Inn + O(1) 1F|| =

perfeet balanced depth = Tlg (nti)T
and I t <x> t inord prefixsum

max For Ends =
< prefixsums [i] - mimPrefix Ei] : ORiGIAl>

reduce max - as moos For Ends
end

ELsize (i)] € Olgn) (not w.h.p.!)
treas height E OL g n) w.hp. Def balanced: height € OClgn)

logab = Togralogeb

TC=) + log n2T(n-1) + n
3Т(Ë) + nº

O Clogan)0(2")
» O (n'9.3 )

Bound notations

→

f(n) 105,1

→

Summations

їго 2'- € Ol n

Quicksont
Xij indicate

EL XijI = -
i, j

j-i+l
AL 1--.4]

inclusive

A # B
append

Sorting

recur
w67, 2m)
S(7,2m)

expand
O(nim)
OCI)

solution
O(him)
O(Ign)

scan
contract
recur

S= 0(loon)
opt 4

expand
1<07 13 >, 17)

13 14>, 11)

1.
2.

Substitution
Recurrence Guess

И=
1(7)60 (1+7)

117144=

(dt(x) +1)

paralleliom

uh oh
вс'...

PerfT*

-foo

BSTInorder:



Then vE VIX with min p(u) has 8(S,v) = p(v)
viz. best way to expand seen set is greedily taking min
way out hop into vert from end

Topological Sort, SCC, Kosaraju
Def asb= b reachable from a a bra
decreasing Finish given DAG:

DikstraPE G 5 =XQ=

Zovisit Ev=
furish Eurevisit Ev =2

(NONE, - ) = X
ICSOME (div), Q') »

if (v,-) EX then loop X Q'èlse letX= Xul(v,d)3
relax (Q, (u, w)) = insert (Q, (dtw, u))
Q'= iterate relax Q' Naco)

(D: (V, R) table) k=

D'= Ev min (DEv], Mia, DE]ta (v, u)): VEV 3look for reachable, e.g. DFS

looD x'Q"
end

hoop &3 (insert empty (0, s))

Belleman-FondK-hop shortest, then relax every next hos. n- hops enough
G s=

decreasing Finish G = #| (DESAIl GE.)
Cost ~ 2x DFS

F = reuFinish Time G
G = transpose G

visited verts sCs so far

accumSCEs ((X, L),n) =overall visited
(X', A) = reach GTX
newdy visitedint 4=d then (X, L) else

(X', L# <A>)
iterale accumSCCs ($, 47) F

Tree pa impl O(mlgn) = O(migm)
Oclyn) delMin

domaim, range, toseq
calect, fromsea
joi, joinM
split, fund, insert, delete

Lemma If vE V is furst visted vert in its SCC, all
verts u reachable from u finish before v

W= O (m +r/gn)
(revisit (Z, v), X)

Let UEV then lightest edge

Generic DFS
DFS G (I, X), v) =

†VEX then
else let

= visit (E, v)
X'= XVIv}
(E"¡X") = iterate (DFSG) (E',X') N*(v) thoring uproas

in the cycle is not
MST 2 TSP WCMST) < WCTSP) < WCMST)

for all cycle in G,the heavest edgein MST
elfuman (E", V). X°)

DESAL G E = iterate (DES G) (E, $) V

mlan mign greedy expand by lightest out

Boruka (tree, mign In to pen i min edge mcident
in G, taken by DFS

Leflist Heap
rank Empti = 0

7 Cycle * I back edge in DES

Path potential lemma
Graph Contraction

1 Node (-, -, R) = 1+ rank R

Leftist: V Node (L, -, R), rank L > ranks R
Heap: priority ordered vertically!

insert delMin

for weighted graph G (VE, us and potential pes. → - Undy not dominate traction
reweight by wich, 0) = 1(4, 0) + plu) - p(0) into Gi= (V, E, w') Greedy - factor 2 of optunal
we have a(u, v) = 86 (u, v) - 4(n) + 4(v)

Edge contract
JohnsonAPSP (G= (V, E, w)) =
let

8 E size after
contraction on cycle graph

Ve= Eu, v3€ E, flip coin, contract if
head & all edges touching u, v tail

ign
m+n

Ign lam+g"
→ always traverse down right spine for eficiency
mkLeftest Node (o, L, R) =

if rank L < rank R then Node CItrank L. R, L) else sym

meld Node (-, KA, LA, RA) Node (-, KB, LB, RB) =
† kA «kB then mikLefist Node (KA, LA, meld (RA, B)) else

Gt = G with dunny vert s connected to all VEV with weight o
D = Bellman Ford TGt, s)
w' (n, v) = w(n, v) + D[u] - DIv] Il always = 0
G' = (V, E, w') flip com on every vert, try pull tails

to nearby head

Au = Dikestra Gu
E(u,v) → (d-DEn] + DEu]): (urd) € An 3

g(/Q1+1)1Q1=2-1=by

TH= {EUV3€E | u tail a v head 3
Ps = UsuNsETH Euru3 point to center
Vc = V\ domain (Ps) centers
Pc = {uru: WEVc3 center sefloop

E sattelites > # for i non-isolated vorts

Tree contract run multiple star contract...

Dijkstra

V
i.e.

"min plu)

Associativity
Identity

v € V\Es3}

for max - omin
SCC G =

let
case

in
Treas Ops

BF
WLOGn≥ m

in
in
end ng n

Ig (m+n)gn

Ig (m+n) end

gin
Ig (m+n)
Ign

years
(997)18 14914 193/549

MST
+ Ш

(094)S=XS'M

do yosпозиг
btun shra heard not,

Cyele

ибри u+m

Pam
Kruskal

Eage types• Tree
• Back
• Forward
• Cross no v

PQ impl
unsorted list
sorted list
balanced tree

meld fromseg
m+n

bin heap
IgngnIgn

mg (1+7)
~ gnnight

Star contract

Dikstra' u =let

som in
Lemma rankQ

rank Q=r induction

end

Hey Diflestra uuEV
end


