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= E[)(l] +E[Yl] +2ECXY]
= var(X) tvar(Y) + 2ELxY]

Chzerve

voec (X ve) = var (X)

E(x*+err2axe) =(ECx+e))”
= Vel (_K)

Then  var (% +3) i | defe X
:VM(_)(-{-\('*'E’-}{*’E-Y ) \{
= var (X +Y)

= V'MCK)—‘- \/W"(Y) +2E(K\i’)

L |}
L
\

\
A
-2

var (X) twarCY) + 2E[ (X -EXNTF-ET)]

var (X) + var (Y) + 2Cov (%, 3D
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# Recall wumance
wr (R) = E[ (x-ExY'] = E(X?) ~(EXY

Chrervedion - var (X)  deesn's o EX .

wr 15 = wrlly = E T*]
# Covaromce
cov (XY ) = EL(X-EX)(Y-EY)]
Obiecve  cov (1) 02 function s sywemabric  aud  biinear
Chserve  uwpwr (X) = cov (X X))

Ex. S= 32X

e Sy = oy L é’(k ' %XJ )

-_Zwu (Xkl%xj)

L3

:zkz cov (Xklxj)

1]
M)

cov (Ke LX)+ Z tov (X 1%
1<.¢J'

= ZVMCKk) % QZ tou kalxj)
k k<)
#Umu{- sums  of wwla,l:« varraloles
Def XY wdepeadert < VARSCR , $XEAY, sYer? wolop

= PI[XxeA |YeB]1l = P[xeAl

& for fdicrere XY, Yi,o  PLX=x, Y=yl =PIr=xIPLY=x]



#Exféﬁbeﬂl volue of product
Elxy] = 2 2 %4 PLX=%,Y=ye]  Notice
& cou (X IY) = ECXY) - EX-EY
BLXY] = ELE % e 1."LX=M§ C“”)( ZL Jv 1?.Y=3L§ C"’)Z]
s = X(w) 4 )
ot both wdicotrs ore 1, the cwmer @ xeyy. Ble &5 O
=E|[ 2 2 He g0 Loy @) Loy ) }
- Qﬂdimffw Xr\\( 4

=E[ 5 % 40 Liveye gona @ )

= % ZL et Yu E[1EY=5{,K="%3 Cw)}
- % z{ Xe o YL P[Y=‘3L,K="k]

S\-.-eo.a\ cose : consuler w@lz,rmap@d: X,V .
ELRY] = 2 > mo Yo PLv=9IPIX=x]

= %xg PIX=x 7] ° ;}jc PLy=yd]

* Back o covantance

B KY%ye wndopendants =

cov (X 1Y) = E(XY) ~EX-EY

Ex.EY ~Ex.EVY

O wncomelakad .
So var (Z X)) = kacm +O

Notze < n et “trwe

]

W

W\



# i omnce VE‘ AAMJWM

(Ds~8(m,]>) E < = np
Swso 3% var (3) = var (8 = vac (2 X )
=3 = gum(x‘)
= é(rﬁcx‘)-tﬁx)‘)
= %CP-?’)
= nlp-p*)
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8" = i ﬁl
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# Porczon dstribuction e
X~ Por LAY
_ _ e Y ;\k-l )\j T
ELZ] = 2 ke* 22 « gy = o K = gk e
] k=0 k! ka1 kle-1)! e Xjaoif BN =
? _ A NE . T Y 2
vor (X)) = ELlX(x-1)] = gokﬁlcﬂ) e o7 TTAe e’ = A

Bl = ELXI(K-1) + XT = A*+A
var (XY = N\

% Cosnatiie hatiduadisn

geowilp) ~ X PLX=k1 = (1-p)k- P qoe k>
_ - _ k-1
ECX] = g e F(I-P) f = P > kx l"“"P
& F 2. (xkyl *=1-p
/
= P (z xlc) ‘
k21 x=1-p
= le ’
i P (kzzo ) ) A=l -

) P(,—,'-,:) l'~?

|
F L =%)* ‘ 1-p

|




> PIx>k] => PLxz;]

k2o EL

Z (l-P)“

kro

Ax. I XeN > ELX]

\

i e e

1-G-p)

it
P

0W 115 . ohservatien A ’PSA.-.'P(- 1A )
= Ea =EC 1A)

LELK]:Z‘K;:PEK:?‘\:] ( Hoc doerete R )

k

EA[X] = kaka[xw] - kakP[x-.m A ]
(|

ELXIAT]

vara( X)) = EA[(X‘EA(X)Z)]
EL(X - E(X[AY) | A]

EA[le - (Ea K)L

Prrtition  Than ’Ew‘:ec-bt{:«:aﬂ Vesr

PLAT %P[Anek] = gPLA\BJPEB.J

2 ElX1g] = 2 ELRIBLIPIAL] counctoble colsunninn

ELX)
¥ Jowek Distribotion

0 Xi L S R B dicete s Xe ke ln

let XGoy= (X, .., X)) €R" which i stil & docrete RV

ui(A) = PIX €Al = 3 PIXi=x ..., Xn=x.]

e ) EA
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MTI  uext Msmala.ﬂ -  wo chest sheet
# Joud duteibutionn (eonet. )
Le-\- X,Y be RV N -5 . DGFAA.L ;(Cu))': CX(M),Y(w))

S':— iy R 0 _“'SKS
W (A) = P[XeA]l = Z PIX-tuy)] Y
X (miy)eA, F
] f_'wei'mhm) T
}LK’YCA) = Z P[)(-:-x Y=3] YT -
(TN TN Y= -
> g .
= x, (C M3 4 i S
cxﬁ)ép\p N %xj) ®, %2 X3 X
Crotodion)
= z Kx,v [xr_'j)
[SIENTN

rE IMO()

So P » w’m-])latd:) oleterwtiuned l’:‘ al "P[xzx'Y-_fﬂ]f Y€ Tualy)

393 XY ~ Mxy . lan owne recover y.x.,’x.f?

pl,,(x) =P[X=XJ = Z P[K=x,\f=5] = Z P xx CKJS)
YelulY) RE\

San we kusw Wx ., Yy W Pxir recsverable ?

('/Dz Va b3 Va
| O |
X X
%o '/q. 74 %0 4 o
% yq_ ‘/q, 4| D ‘/z

So  wet recovercble wm goneral | bt recovepable rﬁmﬂ@e«dz«d-

Thw XY wwl.z.t» < Py (x0Y) = PG Pyly)
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X
Nk & Pyix=-1 (4) = e
R = PLY =yl x=1]
{ 1 !
/6 Ve :PEY,S’Xz\J
Y Plx=1]
A
V2

NO{'Q'}ELBV\ MK'Y C"Jﬂ )
PLY=b IX=a]
PX=alY=bt]

I

i (b
Wxiy Ca, b)

Ex Guen Kxx | ’Fw-.o( Pox +x¢

Uxy (2) = PLX+Y = 2] 'z € Tml(X+Y)
— [ = Sxry [x€Im X, yeIm¥Y 3
= ZP[X+\{:2.’X':X] 3 5
KE TmAR
= ZP[>‘+\(=E,X’-X]
%€ TR
= > P[Ys2-%,X=x]
KE TmX
="E%qKMX’Y(X,E‘X)

- Z Mx(x)fb((z-x)

KETmA



* Jotuk  olist.  Ceont)

X Y
a — S

B =) S xS
Diorete  coue :  suffeint +o just look st cangletons  S0xy)} € SxS

T romsformoctuon ’fmwm\a

EL4x,¥)T = E[g(X)] = 2 gixq) PLX=x ,Y=y]
cr,ﬂ}elm(i}
= 2 AR PLX=%]
% eTm(X)

,L"”K (";') = P[Y=lX-‘x:\

EL40IX=21 = 2 3(y)-PLY=y|X=x]

}jEIM(Y)

EL4xY) [X=%] = 2 4(xy) - PLY=y|X=x]

YeImly)

vala(‘;amd&%c&
BJ o{g{l P[Diwl X, W) e Akg] = ];]"P[Xkep\h]

VX‘(éX. g e Xnéx-d.
PLE, =% ; sip Raw®n J = TJP[Xnvxkj



Ex.

N ~ Pee (A
X(w) = 2 ZEplw)

k=1..N

Zi i Eewwe A buased cout flps ]-!f!(l

Y(m): N -X

A=lo, 'P=—;'._ > EX =5 , EY =5
In 6@%&4&\ EX = N\p
> ELYIX=1lveo] oo for Par csun U\b:ﬂ off !
Becouse XY wlz‘wM <0 ELY|X=leo]l = ELY] = B
mxlk) = PEX=k]1 = éP[X:k, N=n]
= EPEX;HN“.]PLNWJ
= Y PX:kIN=n] X

nk

= Z (Q)qun-k e-’\é (q: ‘-P)

"2k

""PMCM,)
PLX=k, Y=j1 = 2 PLX:zk, V=jIN=n]PIN=n]
n;U
= P[x=k.Y=J|N=k+j]P[N=k+j]
“2':5

n

PLX=k |N=k+j—_lP[N= l¢+‘j ]

PLXsk [N=ki]PIN=k+y ]
e+ ) : 23k
( hJ) Pk O[J & k‘*j

NIX=k ~ k +Plx«)



X: 0O - R for (O, v, R)
Px (B) = PLY¥XeR&] Re R

eve e?eLi:f\;&ol Eéﬁ =6’(&4WV¢J5.)

F«achcnll:] B = PI(R)

Def X & absolctdy combunmomn 4 T £ 20 . fx: R =To.m)
VRes , P[xeR] = ja P &

: e 2q RO
Avolegy wea
co-.lol.w-/ﬁ:"ﬁ
AL d{_ B = KE ‘fgL’t) Ol%
Def such £ v the prob devn fiume of X
discrete
PLXER] = 2 PIx=x] = 2 le ) - poO
x€ ImX r x ETaX
xEB
- :
= = -(R 1l (%) f',gC?t) dx = JR 1g (%) |1K Cdx)
ELX] = JR x- Te (%) dx
EL4x)] = [ at)-ferty dt
Propersies of  f Tpimlly f nantn 4 be smpuing. ents
L fxtt) >0
B ( ) X ‘» real .. tometinen
2. [ feeo b = PIXeR] =1 B8 T e 200k T}

3. fa free) dt hoas o be well ogfimed fv ol B
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# D.\S"'M:JM’U.M

Eli(x-EX»] = E(x*) - (EX)"
j x* 'Fx(“) d)i = (EX),.
=

X~ Unifmm (Ca, b)) & fx (%) = ——

br_& 1§_>‘6L—a.b]j

o \; >R
o B kS ]
EX = Q_A ( = .fp.. -‘:ﬁ M = ]:1,& b'l.a = b‘:‘_‘\
— M“‘Eﬁ"‘é %Wc .
X ~ aaula (X) < x(x) = Ae” L ia i aiin
— - R
b
: w4 xt
EX=T(=It>\e"al+= Ml‘l’ﬂf"’""t)
_ l_t _e-xt]j -JI ~eH I
w vV T
EOC) = [, ™ b == ok ek ia
\gg’mmdaxé v\,e-rw‘a( e
- %
X = N(e.1) = ‘Fx(ﬂ'm e

I& e o= C
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¥ Comunlafive  oigrmbution  Famction

Pl = PLX& 43 l -
”5 T— Tp
CDF | 1"P

r&@wf’{l F,(= R—)[oa[]

I Moustene wicveas:
e = o e _
2 b Fooy = WeCPIxe ] =

= m PL $x< 31

} mp[gé"éﬁ] menstene oemw*fj'

- PLO2]
Gwemml@a
= 1 \
3.l F () = O L ST
t>-4
A Fc n N‘ﬂk-i- Levttumens =" -

The px and Fr wwigrely  detecwnne cach other
I X i sbeoletely cont. wolth ducy fi,

4
drw « Lprxe] - Ti('e’J& futed #e = f2i0)
foundamenint Hwm o eolewlun



¥ Joceck Dt
n SR X dbs cowr. € Ffex) , PLxeBT = [y oo dx
L 8 ais
Cousides - - J\R-F,(Cx)dx = |
X - = -
0 = R X dos.cowr. <> Ffi: X > R, PIXeB] - [ £H02) ds
X=(X,, .., Xa) fx
L fx 20
b fR---J‘Rf; Gyx, - dxa
2 _rR,“Fi(;)AX d;t
n XS r 5 0w
P Ux =PoxX’! Eleool = | @ xw - Pldw)
£l =JJ;_' AP _]; © P () = fR PCx) px (dx)
I.f‘ Kn-f,( ( X abs. cowt ) > Elgx)] = JRqJCx) 'F,C-x) dx
X o B
3 — R = R :
[ Mx =Pox’ E lg(x)] = fk_ PCR) px (dx)
I X~ Pz (R bt ewt) A E fR..cpCi)-f;(ci) Az

o f&d"- _ré"* Qlex,...,xn) f}tfqr,,m,xn)
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Ex .

= 1lg , BcR"

Ely(x)] = PlxeB®] -= P2(B)  ( indestor way)
= SR_ lg (%) Tz (%) d= { trmmsBemsbion fvicda )
, jB P15)

X, Y ~ fxx  given

S Ry

Q: f 3 sbs  cent 7

Exotarme  camum . glut Fect) = PLge+]
+hen .F9 -"'—o%:' Fs () T""‘
ot %t?[x*‘\{ﬁ‘h] . =
= A PLXy) €B=35xpeR | xsyctl ]

& [ [T feoy dyi
4 IR Lo iy o5
IR Ax f&—: Jj:x e (x.4) oly

]

= | 4 Glt-x) G [ fon -
- ‘[R A GJ{*“X) _i l-x) Glesy = %&w‘ Cx,a)

= f!R 'Fx.‘f (x, t-%) dx

= ‘wa f+)

Bd X,Y vwiﬂ.? % obs. cont. w 'ﬂe,'?y £ Txx C.ﬁ-j) = 'Fxf-%) 'F1'(:3)

Also

3 e Lt) = jf,,\tﬂ) fete-x) dx = (fx *l < )Lﬂ



"

Ll

w7

Ax

Frx
(2 'Fx ?

_i
= PLx,
v)eB-= i(!.S)ER| xct ¥
S

P (xq)



:Le,c 2 H

M"'Y (®) = JTB ‘Fx,&( Cx,j) L{KJ,S
E(ﬁ(x,ﬂ)] = HBﬂfoj) fxn €xy) dxo‘{j

#Fm‘o'm‘m% -f—‘,(
'[:xC-i-) = ED{Lt Fx(‘[‘) =5%1P[X5t] 3 Wt
fxxfx,ﬂ) ’-'33';"2_3 Pl Xe¢x, YSSJ T(_raj)
- ! —
a0y ¥rY |
) j J Pl oo do ‘5

¥ Conditisnal Dt

Unpler PL - \V‘—lﬂ] i Heres  cond. B‘QASdE .F"-W‘j C-)
= Txiy - ly )
PLxeB | Y=y = JB Txiy Cx,y) dr
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A M .
N O, 3
Prrv (*a}j) -%ﬁ—- ,.F 'FV (4) >0
- My (vy) _ YEs '
Py CY) ‘wa (x,4) = Nat W

[»] - : l.-F ‘F‘fcj) =0
Whotever you (ke



Fact rF- Y ~a.c. Yo , Pl:‘f:a] = _r:wkoctem

PIXeR [ Y-+] = PLxeB Y=t]
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*C,l«.e.c stree ;

Iowxﬁ ; rl-meﬂA
PLxedT= | f, up PLxeB Y=y dy
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(%,¥) ot wornal  C= [2, ‘:] ;o P= v (X,Y) = corr (X,¥D

cov (X.Y)
Def Covrdocty, corr (¥X,Y) = —— ——
e %Y N varX \]\IMY

Nete cov € (-®, )
corr & [-1,11]

e u:NCK;?()
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* Stoclhastic process

Def  Stoe. peowess em (L, F,P) s & bunch of roudomt oudsmos from
come space Wee —inte  eupliction
(Kuts) )y g ey =N, R
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